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Abstract The robust stability in a class of uncertain linear neutral systems with time-
varying delays is studied. Through choosing multiple integral Lyapunov terms and
using some novel integral inequalities, a much tighter estimation on derivative of
Lyapunov—Krasovskii (L-K) functional is presented and two stability criteria are
expressed in terms of linear matrix inequalities, in which those previously ignored
information can be considered. In particular, the proposed Lyapunov technique can
effectively consider the interconnection between neutral delay and state one. Finally,
two numerical examples with comparing results can show the application area and
benefits of the proposed conditions.
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1 Introduction

In past decade, due to the existence of time-delay in many engineering fields, the
research on time-delay systems has become a focused topic of theoretical and prac-
tical importance. In a large number of control systems, it is well known that the
presence of time-delay often leads to the oscillation, instability, or other poor per-
formances [9,10,35,39,47]. Therefore, the stability in various time-delay systems
has been widely studied, see [1-8,11-34,36-38,40-46,48-50] for the references and
therein. In particular, since neutral delay-differential system involves the time-delay in
both state and its derivative and can include many practical models as its special case,
the issue on its stability has drawn considerable attention [1-8,11-34,36-38,40-46].
For instance, in [7], by choosing some effective L-K functionals and using linear
matrix inequality (LMI) approach, the asymptotical stability in a class of neutral sys-
tems with constant time-delay was studied. In [1], a necessary and sufficient condition
on exponential stability for time-variable neutral one was derived, in which time-delay
was variable. Yet in practice, due to that accurate mathematical model cannot be easily
obtained, many works have considered parameter uncertainties in addressed systems
[2-4,12,13,16-20,30-33,40,42]. On the one hand, in [3,16,18,33], the LMI criteria
on robust stability for uncertain neutral systems have been established. On the other
hand, in [2,4,12,13,17,19,20,30-32,40,42], through treating the nonlinearity as sys-
tem uncertainties, the delay-dependent criteria have been given in terms of LMIs, in
which some restricted conditions would be set beforehand. Meanwhile, although the
discrete delay can be introduced into communication channels since it is ubiquitous
in signal transmission, a system usually has a special nature due to the presence of an
amount of parallel pathways with a variety of axon sizes and lengths. Such an inher-
ent nature can be suitably modeled as the description of distributed delay. Therefore,
some works have studied the robust stability in neutral systems with distributed delay
[3,18,20,30,31]. Furthermore, through using several delay-partitioning ideas, some
less conservative results have been obtained and their conservatism can be greatly
reduced by dividing the delay intervals [12,13,31,32]. There also exist some works
involving the effect of other factors, such as stochastic disturbance [5,21,27], leakage
delays with impulse [2,34], neutral proportional delays [29], Hy performance with
Markov jumping [43], switching effects [6,22,41,44], Lur’e neutral type [8,23,24,41],
together with its application to PEEC model [46]. It is worth pointing out that since
the triple Lyapunov technique was put forward in [36], it has received considerable
attention and achieved great improvements [11,15,37], which was also employed to
study the neutral cases [41].

Since the L-K stability theory was used to address the delay dependence, many
effective techniques have been proposed, such as free-weighting matrices, various
integral inequalities, convex combination, and delay-partitioning ideas [2,4,12,13,
17,19,20,30-32,40,42]. Though these results above are elegant, there still exist some
points waiting for the improvements. Firstly, since the results in [21,34,45] were
presented in the forms of complicated inequalities, they could not be conveniently
checked by resorting to the most developed algorithms and applied to real systems.
Secondly, after Jesen integral inequality was widely used, the Wirtinger-based ones
were also presented to tackle time-delay system and some useful information could be
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reconsidered [37], which had been ignored by the Jesen one. Furthermore, the works
[11,37,48,49] proposed some novel free-matrix-based integral inequalities combining
the features of free-weighting matrices and integral one, in which some slack matrices
would induce computation complexity. Later, the inequalities in [11,48] were also
extended to discrete-time case [49]. It is worth noting that those techniques in [11,
37,48,49] aimed to single integral form. Because double integral form was derived
from triple integral ones, it also has been utilized to reduce the conservatism [28,29].
In particular, the works [14,28,29] introduced some novel Wirtinger-based double
integral inequalities and auxiliary function-based ones, and they could give much
tighter bound on the double integral forms. Yet except for the works [49,50], the
techniques in [11,14,28,29,37,48,49] were employed to tackle constant time-delay.
Since most practical cases are concerning about time-varying ones, some new problems
will be unavoidably encountered. Thirdly, though there always exist multiple time-
delays in neutral system, most existent works individually employed the information
of each time-delay to choose L-K functional [2,4,12,13,16-20,30-33,40,42]. Yet, in
practical cases, the neutral delay is always different from the state one, and few works
have utilized their interconnected relationship to achieve stability results. Though the
works [3,7] have given some preliminary discussions, there still exists much room on
this point. In particular, in [3,7], the proposed Lyapunov terms seemed to be simple
and they could not effectively represent the interconnection between the neutral delay
and state one. Therefore, some novel techniques need to be put forward.

In this work, the robust stability for a class of uncertain time-delay neutral systems
will be deeply studied. Together with the interconnected relationship between the time-
delays in the studied system, an improved Lyapunov—Krasovskii functional involving
some multiple integral terms will be constructed and several novel integral inequalities
will be utilized to give much tighter upper bound on LK functional’s derivative. The
derived criteria are presented in terms of LMIs, and they can be easily tested. Finally,
two numerical examples will demonstrate the reduced conservatism and application
of the derived results.

Notations The term L-K functional denotes the abbreviation of Lyapunov—Krasovskii
functional; the set R” denotes the n-dimensional Euclidean space and R"*" is the set of
n x m real matrices; I denotes an identity matrix of appropriate dimension; sym{X}
means the sum of X and its symmetric matrix, i.e., sym{X} = X + XT. and the

. . . o . X Y X Y
symmetric term in a symmetric matrix is denoted by x, i.e., v 72 11« 72 |

2 Model Descriptions and Preliminaries

In this work, we consider the uncertain neutral systems with time-varying delays as

x(t) = [CH+ ACHIxE — 11(1) = [A+ AAD)]x(1)
+[B+ AB0)]x(r — 12(1)), 1 = 103
x(1) =¢(), t=t, ey
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where x(¢) € R" is the state of system (1) and A, B, C are the constant matrices of
appropriate dimensions with || C + AC(¥) ||< 1.
The following assumptions on the system (1) are made throughout this paper.
H1 The functions 7;(f) (i = 1, 2) denote the time-varying delays and satisfy
Ot =wu, vi=t@)=w (=12), @)
where 7;, v;, u; (i = 1,2) are scalars.
H2 The uncertainties AA(¢), AB(t), AC(t) satisfy the following conditions

[AA(r) AB(1) AC(1)] = FA(1)[E\ E» E3];

A=A —JIAD)Y, 1-JTT >0, (3)
inwhich F, J, E; (i = 1, 2, 3) are known constant matrices of appropriate dimensions
and A(¢) is an unknown time-varying matrix satisfying ATOA@) < 1.

Remark 1 In H1, on the one hand, when time-delays 7; (t) (i = 1, 2) are constant, one
can easily check that v; = u; = 0 (i = 1, 2) and, on the other hand, when time-delays
7;(t) (i = 1,2) are time variable, it is easy to check that the values of v; (i = 1,2)
have to be less than 0 and the ones of u; (i = 1,2) have to be greater than 0, which
guarantees 7;(¢) (i = 1, 2) to be variable and bounded in [0, 7;] (i = 1, 2). Yet many
present works aimed to study the upper bound of 7;(¢) (i = 1, 2), but neglected the
information of its lower bound, which would unavoidably result in some conservatism.

3 Delay-Dependent Stability Criteria

In what follows, some denotations will be given to simplify the proof procedure

M) =1 —1@), pi=pu —vi (i =12), o1 =1 — 11,

51 :rzz—rlz, 621 2123—1:13; 4)
1 t 2 t N
o =[x w0 = [ [ s i =1.2)
7,(t) Ji—z () () Ji—n) Ji—w )
(5)
1 t—1; (1) 2 1—7; (1) s
oi(t) = _—/ x(s)ds, w;i(t) = _—f f x(u)duds (i =1, 2);
’ T(t) Ji—q ’ 20 Sy S
(6)
1 -1 2 1—11 s
a(t) = — x(s)ds, B(t) = —2/ / x(u)duds,
21 Ji-1 T Ji—1n Ji—n
2 -1 t
y(t) = — f x(u)duds; (7)
91 -7 Jt+s
ef = [Ouxi=tn  In Opxqio—in ] (1 <i <19); 8)
A= [81 es 019420 T21617], $= [614 ejg e —e4 el —es e4— 65]:
9)

Birkhauser



Circuits Syst Signal Process (2018) 37:1825-1845 1829

®; = |:019n»(i+l)n es; 019n-(3—i)n] i=12),

U= [O]Qn.(j+l)n €7+] 019n-(3—j)n] (=12 (10)
i e —eitl

Eli = €] +€i+] - 26i+5 (l = 172)7
| e1 —eir1 +6eir5 — 12¢i19
i €jr1 — €43

Eyj = ejr1+ej3—2e47 (J=12) (11)

| ej+1 —ej13+6ej17 — 12¢113

(1) = |xT@) Tt — 1) x"(t — @) x" —)

x (t—tz) o) @3 (1) Ql(f) 03 (1) vi(0)
vy (1) @l (1) w3 (1) 3T () T — (1)

T —) T BT () yT(t)}. (12)

Now we will give one novel delay-dependent stability criterion on the nominal
system of (1).

Theorem 1 For any given scalars t; > 0, i, vi, i (i = 1, 2), 101, 821, 621 in HI,
the nominal system of (1) is asymptotically stable, if there exist Sn x 5Sn matrix P > 0,
nxnmatrices Q; >0 =1,...,6),X; >0,Y; >0,Z; >0, W; >0(@( =1,2),
U>0V>0Ws>=>0X>0Y>0N;0=1,2,3,4), and_3n X 3n constant
matrices X; = diag{X;, 3X;, 5X;}, 3n xn matrices U; satisfying |:)il )—(Ui i| >00 =

1

1, 2) such that as for g € {1,2}; h € {5,6}; i, j € {1, 2}, the LMIs in (13)—(14) hold

- T
[9+A+n(g,h)+fiTi2+ffTﬂ Ezil.]'} <0, (13)
% -1, X;
- T
[SZJFAJF:(g,h>Jrfz"fl'zJ“Tf'Tj1 E”qj} <o (14)
* —7;X;

where the terms E»;, E1; are definedin (11), E(g, h) = 11 [eg Qgez—}-e% Qg+2€15] +
fiael Opes, and

2 —
Eq Xi U; Eq;
A=s m AP T ! L !
miarst) -2 (BT [0£[R]
3e9+z
+2 > +es+, (Z1+Wy)
€1 369 1 T
[ ) +esyi — 2+l] + [esvi —ervi] Ziesyi — ervi]
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3611+i]

e1+i 3e114i 1T e1+i
+2[i+€7+i_ ]1+l:|(z2+W2)|:%+e7+i_ >

2 2

+ [e74i — €3+i]TZi [e74+i — e3+i]
+[e1 — €5+i]TWi [e1 — esti] + [e14i — e7+i]TWi [e14+i — €7+i]}

T
— [ea +es —2e17] BV)[es + e5s — 2e17]
T
— [ea — es + 6e17 — 6e1g] (5V)[es — es + 6e17 — beis].,
Yii =sym{®; P$"} — e sYieirs — 3(eirs — eiyo) Yileiys — €ito)
T Zi [
—(eit1 —ei13) s—(eiv1 —eiv3) — — Ey Xi Enj,
27; T

i
Yjo =sym{W;PST} — e ;Yjeii7 —3(ej7 —€jpi) Yi(ej47 — €jrn)

W.
—(e1 — @j+1)T2_;(el —ejy1) — ?ElTijElj
J J

with e¢; (1 <i < 19) expressed in (8) and part elements of matrix & = [ﬂij]wnan
listed as

Qi =1Yi+nYr+ Q1+ 05 +HW + NJA+ ATN| — ¢, X — 0.2563, 7,
Qp = —1D01+ 0 —p1)02,
Q33 = (1 — )05 + (1 — 42) Qs + Ny B+ B' Ny,
Qu=1U—-02—-V, 5=V, Qs5=1U—-Q¢—V,
Q414 = X1 +10X2 + 0251721 + 152y + T W1 + 3 Wa 4 63, X)
+Q3+1221V—N2—N2T+Z—2261Y,
1515 =N{C+CTN3+ (v — D03+ (1 — 11) Q4. Ri6,16 = —0a,
Q717 = —tH@GW + X), Qg8 = 315 W,
Q919 = —0.2583,Y; Qi3 =N B+ ATNy,
Q14 =ATN, — NlT, Q15 = NlTC + ATN;,
Q17 = 1'221X, Q19 = 0.255%1)/,
Q314 = BN, — N}, @315=B"N;+N]C,
Ri415 = NgC — N3, 1718 = 31’221 Ww.

Proof Now through setting ¢T(r) = [xT(t) xT@ = 1) ftt_n xT(s)ds ftt_rz xT(s)ds

tt::; xT(s)ds] and using the assumption H1, we can construct the Lyapunov—

Krasovskii functional as
V(x) = Vilx) + Valxe) + Va(xy) + Va(xy), (15)
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where

Vilx) = ¢ (@) P(@),
t
Vaxy) = / 000 1003 ws
t—11(t

t—11(t)
+ / [xT(s) Q2x(s) + T (5) Qu (5)]ds
1—11

t—1(t)

t
+ / xT(s)Qsx(s)ds + / xT(5)Qex(s)ds,
t—12(1) =1

2 0 pt
Vi(x) =Y { / / [#T@)X:0) + xT(0)Y;x(0)]dods
i=1 —T; JI+S

1 t 0 6
+—f / / xT(s)Zi%(s)dsdbdo
2 t—1 Jt—1 JI—T1;
1 t t t
+5/ f / )&T(S)Wi)'c(s)dsdedg},
-1

1—11 —T11 t
Va(xy) =121/ X (s)Ux(s)ds—i—tzl / [)'CT(G)V)'C(Q)
=7 -1 Jit+s
+xT(O)Wx(0)]dods
+8ﬂ ) ]/ / T (s)Xx(s)dsdodo
) +9

921 - .T .
X (s)Yx(s)dsdOdodu.
— n Jo Jt+6

Firstly, we can easily check that fori = 1, 2,

t 5 ) (! z(t) t—7; (1)
/t—r,- X(S)ds B Tz_(t) t—1; (1) ( )d Tz( ) X(S)ds
=1, () + 7 ()i (). (16)

Then, together with the denotations in (4)—(12), the derivative of V;(x;) (i = 1, 2, 3)
along the nominal system of (1) can be directly computed out as

Vi) =207 (1) PL()
=2n"(1) [61 eq T1(t)eg + Ti(t)eg T2(t)e7 + Ta(t)eg T21€17]

T
XP[€14 el e1 —e4 el — es 64—65] n(t)

= ZUT(I){[el e4 O19n.2n 121617]
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2
+Zti(l)[019n-(i+1)n esyi 019n-(3—i)n]
i=1

2

+ Z Tj (l)[019n-(j+1)n €7+j 019n-(3—j>n] }
=1

T
XP[€14 el €1 —eq e — es €4—€5] n(t)

2 2
=0T sym{APST+ 3 1)@ PST+ Y 700w PSThno: (17)
i=1 Jj=1

Va(x) = [xT(1)(Q1 + Q5)x (1) + 1 (1) Q3% ()]
—[xTt = 1) Qax(t — 1) + 2Tt — 1) Qui(t — 1)
~ 1= 21T = 0O)NQ1 — Q¥ — 1 (1)
+iT( = T )(Qs = Qi = 11(1) ]
—[1 =t (1 = 12())(Q5 — Qe)x(t — T2(1))

—x"(t — ) Qex(t — T); (18)
2
Vi(x) =) {ri [T Xk (1) + xT (O Yix(1)]
I=1

2 t
+ %xT(r)(zi + W;)i() — / [+ 6)X:5©0)
1—7

T | - .
+x (9)Y,-x(9)]d9— 5/ / X (s)Z;ix(s)dsdo
=1 Jt—1;

t t
—1/ / )&T(s)W,-)'c(s)dsdG}. (19)
2’ t—1; JO

Now we use Lemmas 1-3 and the denotations (5)—(12) to compute out t[le estimations

on integral terms in (19). Firstly, since X; = diag{X;,3X;,5X;}and |:)i’ )—(Ui :| >0,
i
it follows from Lemma 1 that

t t t—1;(t)
—f T(0)X%(0)do = —[f +/ }xT(e)xix(e)de
-1 t—1;(t) -1
1 7 Ey; ! X; U
< ——n(t -
- 'C,'n ()I:EQ,:| <|:>l< X;

T 0 Eri
+ %t o, 20
|: . fr_(z)Tl:|> |:E2i n(t) (20)
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where T} = X; — U,-)_(flUiT (i = 1,2), the terms Ey;, Eo; are expressed in (11),
and 7(¢) is given in (12). In the next, we will employ Lemmas 2-3 to estimate the
following integral terms as

t t—1; (1)
—f xT(O)Yix(0)do = [/ / } Ty, x(©)do
-7 t—7; (1) t

< 5 (Oef OY;0i(t) = 31 (O)[i (1) — v )] Yi@i (1) — vi(1)]
—%i (o] (1)Yi0i(t)
—350)[0i(1) — 0 (0] Yi[0i (1) — 0 (0)]; 21)

— / f T (s)Z;ix(s)dsdo
t—1; JI—T1;
t—1i (1) 0 t—1i(t) PO
- __[/ / / / +f / ]XT(S)Zi)'c(s)dsdQ
t—1i(t) Jt t—1i(t) Jt—1i(t) t—1; t—1;

[0 = roy = x| [H2A [t = mion —xt ~ )]

[0 — 20— mn] zi[pi) —x ~ m0)]

~[ei®) - xt - Ti)]TZ'[Qi(f) — ¥ =)

_:gwl(r) u] @z[*2 4 g - Juw)]

[3x — 5 + o) — 0] @z [0~ w@) + i) — Sn0)],
22)
1 t t
—= f / &1 (s) Wi (s)dsdo
2 t—1; JO

1 t t t—1;(t) pt t—1;(t) pt—1;(t)
_ __[/ / +/ / +[ / }xT(s)W,»x(s)dsde
2L Ji—r;in Jo -7 —n(t)  Ji—g 0

[r0 =2 = men] [ e — 2~ o]

i

0 @] wifx0) - @]

[r0 = mn 0] Wlxe —ue) - 0]

‘[&;)w,u) 2wo] (ZW)[ S0 = 3u0)]

[5e0 — w@n + o) ~ S0 0] W[5~ 1) + 010 — Sn0)]
3)
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In what follows, we can derive V4 (x;) as

Vae) = o1 [T = o)Ux(t — 1) = 2T = Ut = )]

-1

+f§1[5cT(t)Vx(t)+xT(t)Wx(t)] — / [T O)Vi6)

=1

+xT(O)Wx(0)]do + xT(t)( 21y + 2L el Y)x(t)

36
K
21/ / T (s)Xx(s)dsdo
-1 +6

621 - / / T(5)Y 4 (s)dsddo. (24)
+6

-0

Now based on Lemmas 2—4, we can, respectively, estimate the integral terms in (24)
as

t—11 T
— / ch(e)vx(e)deg—[x(t ) —x(t — 12)] V[x(t ) —x( — 12)]
t

-1

—[x(t C ) 4 x( - 1) — 2a(t)]T(3V)[x(t C )4 x( — 1) — 2a(t)]
—[x(t 1) = x(t — 1) + 6a(r) — 6,3(t)]T
x (SV)[x(t — 1) = x(t — 1) + 6a(7) —6ﬂ(t)]; (25)
1—T
- / T OWrO)d0 < —2aTOWal) — 1 [oz(t) — 5(;)]T
-1
x 3W)[a) - B0 26)
it T
f / () Xi(s)dsdd < —73 [x(t) - (x(t)] [x(t) - ot(t)] 27)
-1 +9
921 —u .T . 8%1
T (5)Yi(s)dsdodo < —T[x(t) _ y(t)] Y[x(t) — y(t)].
t+6

(28)

For any n x n matrices N; (i = 1,2, 3,4), it follows from the nominal system of (1)
that

0= Z[xT(t)NlT +iTONT + 5T — 1 () NT + T — zz(r))N}][ — i (1)

+Cx(t — 11(1) + Ax(t) + Bx(t — rz(t))]. (29)

Now combining with the terms from (17) to (29), we can verify that V(xt)
satisfies
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2 Tryg
Vo) < <r>{sz+sym (arsT) - 3|2 [iﬂ [X #][22]

i=1

3e 3e9;
+2[ 5 +esii - 9*’] 21+ W[5 +esn — 5
2 2 2
T
+ [esyi —eryi] Zi[esyi —eyi]
3e 3eq14i
+2[ 12+z Foeryi— 11+z] (Z> +W2)[ 1+i terpi— 121+z]

+ [e74i — €3+i]TZ‘ [e74i — e34i] +[e1 — €5+i] Wiler — esyi]
€l+i — €7+1] Wi [€1+i - €7+i]}

+]
—[ea +es — 2617] (BV)[es + es — 2e17]
-

e4 —es + b6ey7 — 6618] (5V)[es — es5 + 6e17 — 6618]}’70)

+ nTm{[tl () — vil[e; Q1e2 + efs Qzes]
+[u1 — t1()][e3 Q3e2 + e]5Qaers]

+[t2(r) — v2lel Oses + [ua — ta(t)]el Oges

2
Z4
+ Zfi(l)[sym{¢iP$T} — (ei+1 — ei+3)T2__;(€i+l — eiy3) — e} sYieiys
i=1 !

1 1
~3(eiss —eis9) Vilerys —ein9) = S ELXiEni + — Ez,U,X Ul Ex ]
1
2 W
+ 370 sym{w; PST) - (e - i3 b = ej) = efuaYjen
j=1

T T
—3(ejr7 —ejr11) Yjlej7 —ejp11) — ;EUXJ'EU
J

I
+ S ELUXT UTEIJ”n(t)
]

= 0" ()(@+A)n(0) + nT(t){[r'l (1) = vil[e] Qrex+els Qzers |+l —t1 (1]

X [engez +efs Q4€15] + [12(1) — valed Qses + (12 — 1a(1)]e] Oees

+Zu(r>[ 2+ EZZUX UTEZ,]

+Zz,(t)[ o+ ET UK UElj]}n(t)

]
=" O®WNQ), (30)
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where £, A, Y;7, Y 1 are presented in (13)—(14).

On the other hand, together with the terms in (13)—(14) and the definition on Schur
complement, one can easily check that for g € {1,2},h € {5,6},i,j € {1, 2}, the
LMIs in (13)—(14) guarantee

1 _
Q+A+EQ D+ Y+ Y+ ;EZT,.U,-X;‘U,.TEQ,» <0, (3D
1

1 -
Q+A+E@h)+uYn+1,T + ;ElTjUij_lUjTElj <0. (32
J

Then, it follows from Lemma 5 that the terms in (31)—(32) can guarantee ®(t) < 0in
(30) to be true. Therefore, it can be concluded that as the conditions (13)—(14) hold,
the nominal system of (1) is asymptotically stable. It completes the proof.

In what follows, we will use Lemma 6 to establish one stability criterion on the
system (1).

Theorem 2 For any given scalars t; > 0, i, vi, i (i = 1, 2), 101, 821, 621 in HI,
and the uncertainties satisfying H2, the system (1) is robustly stable, if there exist
positive scalars ngpij > 0 (g =1,2;h =5,6;i, j = 1,2), 5n x 5Sn matrix P > 0,
nxnmatrices Q; >0 =1,...,6), X; >0,Y; >0,Z;, >0, W; >0( =1,2),
U>0V>0Ws>=>0X>0Y>0N;0=1,2,3,4), and_3n X 3n constant

matrices X; = diag{X;, 3X;, 5X;}, 3n xn matrices U; satisfying |:)il )—(Qi i| >0 =
1

1, 2) such that the LMIs in (33)—(34) hold

[R+A+E@ N +1 Yo +1Y) EZT,({z Nghij W1 \ 5]

* —‘E,’X,' 0 0 <0

* * —Nghijl  MghijJ ’
i * * * —Nghij 1

(33)

(R +A+E(@gh)+uYn+1Y) ElTjUj Nenij V1 v,

k —‘L'j)_(j 0 0 < 0,

* * —Nghij L MgnijJ
L * * * —Mghijl
Vg=1,2h=5,65i,j=1,2, (34)

where 2, A, E(g, h), Y2, Y1 are identical to the corresponding ones in Theorem 1
and

_ T
v, = [El Onn E2 Oprin E3 0n-4n] ;
_ T
v, = [FTNl 040 FTN4 0,.10n FTN2 FTN3 0,,.4,,] .

Proof Based on the proof procedure of Theorem 1, replacing the corresponding
A, B, C in (31)—(32) with the terms A(t) = A + FA(t)E1, B(t) = B+ FAQt)E»,
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C(t) = C + FA(t)E3, respectively, we can check that the derived matrix inequalities
are equivalent to the following ones

1 _
Q+A+E@h+uYn+1,T) —i—;EZTiU,-Xl._lUiTEZi
1
- - T - = T\T
+¥ AN, + (¥1ANT,) <O, (35)
1 -
Q+A+E@h+uYn+1,T+ ;ElTjUij_lUjTElj
J
- = T = = T\T
+W AN, + (¥ AMNY,) <O. (36)

On the basis of Lemma 6, there must exist some positive scalars pgpi; > 0 (g,1, j =
1,2; h =5, 6) such that

R+A+E(@ )+t Yin+1,Y)1

I AW i e
+;E2TiUiXi_1Ul.TE2,~+|:pghij_%:| [_ } {Pghij_%}<o;

T
i Pghij ¥y J ! Pghij¥s
(37)
Q+A+E(@h) 45 o +1,Y;
_ T _ -T
1 _ —1 T A & el IS
+—ELUX;'UTE + Penij~ 1 [_JT ; ] Penii =1 | < 0.
T7j Pghij ¥y Pghij ¥y
(33)

Then, together with the definition on Schur complement, the inequalities in (37)—(38)
are equivalent to the LMIs in (33)—(34) by setting ngpnij = p;hzi I It completes the
proof.

Remark 2 In Theorems 1-2, the L-K functional terms in V (x;) have effectively uti-
lized the information of the neutral delay and state one, and some novel techniques
have been used, which can help reduce the conservatism more efficiently than ever.
Two sufficient conditions are presented, and it is convenient to check their feasibility
without tuning any parameters by resorting to the LMI in MATLAB Toolbox.

Remark 3 Based on comparing discussions, these integral inequalities proposed in
[11,28,29,37,48-50] can help to extend the application area efficiently. Therefore,
together with Lemmas 1-5, our work has used and improved those novel Wirtinger-
based integral inequalities and auxiliary function-based ones to tackle the multiple
integral Lyapunov terms and those ignored information has been reconsidered.

Remark 4 Compared with L-K functionals in many present works, it is easily checked
that the L-K functionals proposedin [2,5,6,8,12,13,21-24,27,32,34,41,43—46] indi-
vidually employ the information of neutral delay 7;(¢) and state one 1, (7). However,
in our work, the multiple integral terms in V4(x;) constructed in (15) can reflect the
interconnection between two kinds of time-delays ; (f) (i = 1, 2) as much as possible,
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which results in that Theorems 1-2 not only depend on t; (i = 1, 2) but also on the
values 121, 821, 021 in (4). Thus, these L-K functional terms can play an important role
in reducing the conservatism effectively when 7y (1) # 12(¢).

Remark 5 As illustrated in Ref. [46], the general form of modeling partial element
equivalent circuit (PEEC) can be modeled as

Coy(t) + Goy(t) + Ciy(t — 1)+ G1y(t —t) = Bu(t,t — 1), t > to;
y(@) =¢@), t <to. (39)

To be consistent with the mathematical deduction, the system (39) can be rewritten as
the following neutral system

y(@) = Ay(@) + Byt — 1) + Cy(t — 1), 1 = 1o;
y(t) =¢(), t <1. (40)

As we know, a stable numerical solution should be based on a stable model. Therefore,
the study of asymptotic stability of a system is an important issue before handling its
numerical solution. Thus, the delay-dependent stability of system (40) was investigated
in some existent works. Thus, if we take the parameter uncertainties commonly existing
in the modeling of a real circuit and different time-varying delays into account, a more
general form of (40) can be described by the following system

y(@) =[A+ AA@)]y() +[B+AB®]y(t — (1)) + Cy(t — 11(1)), t = to;
y@)=¢@), t <. (41)

Therefore, the derived theorems in this work can be applied to study the stability for
the PEEC model with more general forms.

Remark 6 1If there exist the multiple time-varying delays in the state of the system (1),
ie.,

X(@) —[CH+AC@H)IXx(E —t1() =[A+ AA(®)]x(2)
l
+Z[Bi +AB(O)x(t — (1), t =105 x(1) =¢@), 1 <190, (42)

j=2
where the time-delays satisfies

Ot =7, vi=t@O=w (=12,....0). (43)

Then, if we denote 7j; = 7; — 1;, §j; = r]2 r ,and 0; = r — ‘L’ (i # j), wewill
construct the following Lyapunov terms to express the 1nterconnect10n between t; (t)

andz;(t) G, j=1,...,])
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l -1
Z rji/ xT(s)Uix(s)ds,
t—‘[_,'

I<i#j=<l
! 8 —T; 0 t
Ji .T .
Z L / f / T (s) X% (s)dsdodo, (44)
1<izj<I 2 ey Jo Jive
l t—1 pt
Z r,-,-/ / [#T@)Vik(©®) + xT () Wix(6)]dods, (45)
I<i#j<l t—1;j t+s
! 9. [—% [0 [0 rt
Jl .T .
Y = f / / / %T()Y;%(s)dsd0dod . (46)
l<i#j<l 6 -7; Jpu Jo Jt+6

4 Numerical Examples

In this section, two numerical examples will be presented to illustrate the derived
results.

Example 1 Consider the partial element equivalent circuit (PEEC) model (41) with
the parameters [19,46]

2105 1 2 1 0 -3
A=100x| 3 -9 0 |.B=100x]|-05 —05 —1|,
1 2 —6 05 —15 0
15 2
C=—x| 4 0 3];
(LT I

I AAQ@) =2, | AB@) =2, || AC(r) ||=0.

Then, we can assume that F' = diag{l, 1, 1}, E; = E, = diag{2,2,2}, and J =
E3 = 03x3.

Firstly, as for the case t1(f) = 12(¢), with the existent feasible solution to the
LMIs in Theorem 2, the computational results on maximum allowable upper bounds
(MAUBS) of time-delays for various vy, ;| can be computed out, and meanwhile, we
can obtain the corresponding MAUBS based on the theorems in [8,16,33]. Together
with all derived MAUBsS listed in Table 1, one can check that Theorem 2 can be superior
over some present ones. Since restricted conditions on the theorems are required in
[8,16,33], during the computing, we assume that the nonlinear function does not exist
with o = 0.51n [8], p = 0.5 is given in [16], and the lower bound of time-delay is set
as 0 in [33]. It is worth noting that since the upper bound of neutral delay’s derivative
has to be less than 1, there does not exist the corresponding MAUBs as @1 > 1 in
[8,16,33].

Secondly, as for 71(t) # 12(¢), based on the conditions [8,16,33], we can choose
T71(t) = 0.3 sin2(t). Then, 7y = 0.3 and v; = —0.3, u; = 0.3. In what follows,
through setting different vy, o, we also can derive the corresponding MAUBs of
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Table 1 Calculated MAUBs

Tmax for different vy, w1, and M 04 0.7 -

T (1) = 12() Ren et al. [33] 0.3654 0.2434 -
Liu [16] 0.3686 0.2465 -
Duan et al. [8] 0.3435 0.2264 -
Theorem 2 (vy = —1.1) 0.3732 0.2528 0.2522
Theorem 2 (v; = —0.5) 0.3743 0.2543 0.2540
Theorem 2 (v; = —0.2) 0.3749 0.2556 0.2553

oo Tor diforent v, 12 04 07 L

(1) # 0 Ren et al [33] 0.3654 0.2434 0.2302
Liu [16] 0.3686 0.2465 0.2335
Duan et al [8] 0.3435 0.2264 0.2138
Theorem 2 (v = —1.1) 0.3785 0.2562 0.2544
Theorem 2 (v = —0.5) 0.3792 0.2580 0.2572
Theorem 2 (v = —0.2) 0.3795 0.2594 0.2588

77 based on the LMIs in Theorem 2 and the results in [8,16,33], which are listed in
Table 2. From Tables 1, 2 and 3, one can check that our method is less conservative than
those existent ones. Therefore, it is of significance to use the interconnection between
the neutral delay and state one to construct the Lyapunov functional, especially when
neutral delay and sate one are different.

§ 1 2
Thirdly, similar to Refs. [19,46], we choose the matrix A = 100x | 3 -9 0
1 2 -6

with § < 0. In particular, in [14], the nonlinearities can be equivalently converted into
the normal uncertainties, i.e.,

fi(t. x(0) = AA@x @), f(t. x(t — (1))
= AB(0)x(t — (1)), f3(t, x(t — (1)) = AC()x(t — T(1)).

In what follows, in order to give better comparison, we let || AA(?) ||=|| AB(¢) ||<
0.01 and || AC(¢) ||= 0. Since in [19,46], the upper bound of 7(¢) should be less
than 1, and thus, we choose 7(z) = 0.1 4+ 0.3 sin2(0.2r). Based on Theorem 2 and
using MATLAB LMI Toolbox, it can be shown that the system is robustly stable for
8§ < —3.445. However, since § < —3.8101n [19] and § < —4.465 in [46] are needed,
these criteria fail to check the robust stability with § = —3.5.

Example 2 In the example, we consider the system (1) with the following parameters

-1 1 05 0 04 0
Az[o —J’Bzhj 45]C=[0 QJ’

Birkhauser



Circuits Syst Signal Process (2018) 37:1825-1845 1841

Table 3 Calculated MAUBs of

15 for various vy, po, and 05 09 L

71 (1) = 1.25in*(0.50) Luetal. [18] 1.5572 1.5572 1.5572
Wang et al. [41] 1.6635 1.5742 1.5645
Liu et al. [24] 1.5812 1.5745 1.5644
Theorem 2 (v = —1.1) 1.8675 17244 17194
Theorem 2 (v = —0.5) 1.8763 1.7352 1.7333
Theorem 2 (vy = —0.2) 1.8780 1.7453 1.7445

and the uncertainties AA(¢), AB(t), AC(t) are presented in (3) with

F = diag{1, 1}, E; = diag{0.05, 0.05},
E; = diag{0.1,0.1}, E3z =J = 02x2.

Now together with the theorems in [18,24,41] and Theorem 2 in this work, the purpose
of this example is also to compute out the MAUBs on time-delays and give some
comparing results among them. Here, we mainly aim to the case 71(¢) # w2(¢).
Firstly, we set t1(z) = 1.2 sin2(0.57), then 7 = 1.2, v; = —0.6, n1 = 0.6. Now
based on various vy, (2, we compute out corresponding MAUBs of 12. During the
discussion, since there does not include the information on delay’s derivative in [18],
the derived MAUBSs are identical during adjusting v», w. In Table 3, owing to that
the L-K functional and Theorem 2 can represent the interconnection of neutral delay
and state one, thus, the application area of our results can be greatly extended.

5 Conclusions

In this work, one novel mixed-delay-dependent condition on robust stability has been
established for a class of uncertain neutral systems with time-varying delays. Com-
pared with some existing results, the derived results are mainly based on an augmented
L—K functional and can effectively reduce the conservatism owing to using some effec-
tive techniques, in which the interconnection between the neutral delay and state one
has been deeply studied. Moreover, together with the utilization of some novel integral
inequalities, those previously ignored information has been effectively reconsidered
in this paper. Two numerical examples show the benefits of the proposed techniques
and its application to PEEC model.
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Appendix

In what follows, some lemmas will be presented for the proof procedure of Theo-
rems 1-2.

Lemma 1 [50] For d(¢t) € [0,d], a symmetric matrix R > 0 and any matrix S

satisfying |:Iil }il i| > 0 with Ry = diag{R, 3R, SR}, the following inequality can
1

t 1—d(1)
—/ x(s)ds —/ x(s)ds
1—d(t) 1—d

[ E; ' R S d=dor Eq
=-¢ (’)[Ez] <[* RI}JF[ d* dg [EZ]C(t),

") = [x"0) x" —d) 1Tt =) ¢"0) "0 V') 1))

be true

where

€]y —e € —e3
E = el +er—2ey ., Ey = er + ez — 2es ;
L e1—ex+ 6e4 — 12e¢ er —e3 + 6es — 12¢7

e= (01 I 0] (== T =R -STRT'S);

t

1 2 $
1) = — ds, )= —— duds;
a2 d(r) z—d(t)X(S) s v d? (1) /z—d(z) /z—d(z)xw) e

1 t—=d(t) 2 t—d(t) ps
Q(t) = d——d([) [_d x(s)ds, (,()(t) = m [_d [_dx(u)duds.

Lemma 2 [28,50] For an any constant matrix M > 0, the following inequalities hold
for all continuously differentiable function ¢ in [a, b] — R":

b b
—(b —a)/ 7] (s)pr(s)ds < - (/ <p(s)ds> M (/ (p(s)ds> — 3®TM®,

(p (s)Mw(s)dsd@

< - (/ / , w(s)dsd@) M (/ / , (p(s)dsdé)) ,
a Ji+ a Ji+
W g’ e 0 gt
— T(s)Mo(s)dsdodo
i fg [ ¢ me
—a 0 pt T —a
< — (/ / / go(s)dsd@dg) M (/ /
-b Jo Jt+6 —-b Jo

Birkhauser

T

0 pt
/ go(s)dsd@dg) ,

146



Circuits Syst Signal Process (2018) 37:1825-1845 1843

where ® = fab @(s)ds — ﬁ fab 12 o(u)duds.

Lemma 3 [28] For an any constant matrix M > 0, the following inequality holds for
all continuously differentiable function ¢ in [a, b] — R":

N2 b ps
_(bTa)/ / (pT(u)M(p(u)duds

b ps T b ps
5—(/ / (p(u)duds> M(/ f gp(u)duds)—Z@TM@),

where ® = fab 12 o(u)duds — % fab L2 ¥ o(v)dvduds.

Lemma 4 [29] For vector w, real scalars a < b, symmetric matrix R > 0 such that
the integration is well defined, then the following inequality holds,

b
(b - a) / »" (s)Rix(s)ds = x Rx1 +3x3 Rx2 +5x3 Rx3.
a
where

2 b
x1 =wb) —w@), x=wbd) +wl) - m/ w(s)ds,

6 [ 12 T
X3=a)(b)—a)(a)+m/a w(s)ds—m/(; /S w(0)dods.

As an extended case of Lemma 2 in [25], we can derive the following Lemma easily.

Lemma 5 [25] Suppose that 2, Ejj, Ejpy (i,m = 1,2,3,4; j,n = 1,2) are the
constant matrices of appropriate dimensions, « € [0, 1], B € [0, 1], y € [0, 1], and
8 € [0, 1], then

Q+ [@811+ (1 —a)Ep] + [BE21 + (1 — B)En]
+[¥Ea1 + (1 —y)Exn] + [684 + (1 = 8)Ea] <0

holds, if and only if the following inequalities hold simultaneously,
Q+Eijj+Emm<0Gm=123,4jn=12).

Lemma 6 [26,38] Let I — GG > 0 define the set Y = {A(t) = ()] —

GEOILETH=0) < I}, for given matrices H, J, and R of appropriate dimen-

sions and symmetric one H, then H + JA(t)R + RTAT(1)JT < 0, iff there exists

p > 0 such that
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